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1. Introduction
Recently, there has been some interest in the question of whether relativistic integrable field
theories admit certain discontinuities (or jump defects) and, if so, what kind of properties they
might have [1, 2, 3, 4, 5]. In particular, in [1, 2, 3, 4, 5] using the Lagrangian formulation, it was
noted that some bosonic field theories could allow discontinuities like jump defects and yet remain
classically integrable. The best understood of these models is the sinh-Gordon in which different
soliton solutions are connected in such way that the integrability is preserved.
The defect conditions relating fields evaluated as limits from both sides of the defect turn out to be
described by Bäcklund transformation located at the defect. This fact sheds an interesting new light
on the role which the Bäcklund transformations have played in the development of soliton theory.
More recently, the extension to classical integrable N = 1 and N = 2 super sinh-Gordon models
involving bosons and fermions admitting jump defects have been studied [6, 7] using both the
Lagrangian approach and the zero curvature formalism. Here we study the Thirring model with
jump defects as an example of pure fermionic case. In this work we explicitly construct its modified
conserved momentum and energy which gives a very strong suggestion of its classical integrability.
2. Lagrangian Approach
The Lagrangian density for Grassmanian Thirring model with jump defect can be written as
follows,
L = θ(−x)L1 +θ(x)L2 +δ (x)LD , (2.1)
where
Lp =
i
2
ψ(p)1 (∂t −∂x)ψ
†(p)
1 +
i
2
ψ†(p)1 (∂t −∂x)ψ
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1 +
i
2
ψ(p)2 (∂t +∂x)ψ
†(p)
2 +
i
2
ψ†(p)2 (∂t +∂x)ψ
(p)
2
+ m
(
ψ(p)1 ψ
†(p)
2 +ψ
(p)
2 ψ
†(p)
1
)
−g
(
ψ†(p)1 ψ
†(p)
2 ψ
(p)
2 ψ
(p)
1
)
, (2.2)
is the lagrangian density for Thirring model [8] describing massive two-component Dirac fields
(ψ(p)1 ,ψ
(p)
2 ) with p = 1 corresponding to x < 0, p = 2 corresponding to x > 0, and g is coupling
constant. The defect contribution located at x = 0 is described by
LD =
1
2
[
2ia
m
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2
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†(2)
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(2)
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X
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ag
m
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]
(2.3)
Here, we introduce auxiliary fields X and X†.
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The field equations for x 6= 0 are obtained as
i(∂t −∂x)ψ(p)1 = mψ
(p)
2 +gψ
†(p)
2 ψ
(p)
2 ψ
(p)
1 , (2.4)
i(∂t +∂x)ψ(p)2 = mψ
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1 +gψ
†(p)
1 ψ
(p)
1 ψ
(p)
2 , (2.5)
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2 ψ
(p)
2 , (2.6)
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1 −gψ
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2 ψ
†(p)
1 ψ
(p)
1 , (2.7)
which are the equations of motion for the Thirring model.
For x = 0, the equations corresponding to defect conditions are
X = (ψ(2)1 +ψ
(1)
1 )+
iag
2m
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1 )ψ
(2)
1 ψ
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1
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2 (2.8)
and its hermitian conjugated
X† = (ψ†(2)1 +ψ
†(1)
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together with
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2
(ψ†(2)1 −ψ
†(1)
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Notice that we can also write
X = (ψ(2)1 +ψ
(1)
1 )+
iag
2m
ψ(2)1 ψ
(1)
1 X
†
= (ψ(2)1 +ψ
(1)
1 )+
iag
2m
ψ(1)1 X†X
= (ψ(2)1 +ψ
(1)
1 )−
iag
2m
ψ(2)1 X†X (2.12)
and similarly for X†. As a consequence of (2.10), (2.11) and the Thirring equations of motion (2.4)
- (2.7), we obtain
(
∂t +∂x
)
X = ma−1
(
ψ(2)1 −ψ
(1)
1
)
−
ig
2
(
ψ†(2)1 −ψ
†(1)
1
)
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2
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2
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which can be re-written as(
∂t +∂x
)
X = ma−1X −2ma−1ψ(1)1 − igψ
†(1)
1 ψ
(1)
1 X− igX
†Xψ(1)1 , (2.15)(
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)
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(1)
2 X −gaX
†Xψ(1)2 . (2.16)
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The equations (2.8,2.9,2.12,2.13,2.14) are the Bäcklund transformation for the classical anticom-
muting Thirring model [9]. In other words, in this approach the Bäcklund transformation at x = 0
represents the boundary conditions between two regions.
3. Conserved Momentum and Energy
The canonical momentum (which is not expected to be preserved) is given by
P =
0∫
−∞
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[
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2
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. (3.1)
Using the field equations (2.4,2.5,2.6,2.7) we obtain
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(3.2)
Considering the boundary conditions (2.8,2.9,2.13,2.14) the right hand side becomes a total time
derivative. Thus, we found a functional PD given by
PD =
ia
m
(
X∂tX†− (∂tX)X†
)
−
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2
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−
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2 , (3.3)
so that P = P+PD is conserved. This ‘modified’ momentum P appears to be a ‘total’ momentum
which is preserved containing bulk and defect contributions. In the case of the energy
E =
0∫
−∞
dx
[
i
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+
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0
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[
(1)↔ (2)
]
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the energy-like conserved quantity is E = E +ED , where
ED =
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We notice that this functional ED appears on-shell to be the defect lagrangian LD. This property
already was found in the sinh-Gordon model with defect [2]. Then, in spite of the loss of translation
invariance, the fields can exchange both energy and momentum with the defect.
In this work we have studied the classical integrability of the Grassmanian Thirring model with
jump defect by constructing the lowest conserved quantities, namely, the modified momentum and
energy. The integrability of the model involves also higher conservation laws which are encoded
within the Lax pair formalism. This work is in progress.
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